Let (Xi, di), i = 1, 2, be proper geodesic hyperbolic metric spaces. We give a general construction for a "hyperbolic product" X1× h X2 which is itself a proper geodesic hyperbolic metric space and examine its boundary at infinity.
Introduction
Let (X i , d i ), i = 1, 2, be proper geodesic hyperbolic metric spaces (for definitions see Section 2). We give a general construction for a "hyperbolic product" X 1 × h X 2 which is itself a proper geodesic hyperbolic metric space. This construction only depends on chosen basepoints z i ∈ X i or on points u i ∈ ∂X i , where ∂X i is the boundary at infinity.
For given points z i ∈ X i consider the set Y := (x 1 , x 2 ) ∈ X 1 × X 2 d 1 (x 1 , z 1 ) = d 2 (x 2 , z 2 ) ⊂ X 1 × X 2 with the induced product metric d 2 (x 1 , x 2 ), (y 1 , y 2 ) = d We call (Y, d) the hyperbolic product of (X 1 , z 1 ) and (X 2 , z 2 ) and denote it also by Y = (X 1 , z 1 ) × h (X 2 , z 2 ).
This notion is justified by the following *supported by SNF Grant 21 -589 38.99 2000 Mathematics Subject Classification. Primary 53C21
Theorem 1 Let X i , i = 1, 2, be proper geodesic hyperbolic spaces and z i ∈ X i , i = 1, 2. Then Y = (X 1 , z 1 )× h (X 2 , z 2 ) is also a proper geodesic hyperbolic space and ∂Y is naturally homeomorphic to ∂X 1 × ∂X 2 .
The construction can be carried over in the limit case that the points z i tend to infinity. This limit case seems to be of particular interest. Let u i ∈ ∂X i be given. These points give rise to Busemann functions B i : X i −→ R. Define now Y := (x 1 , x 2 ) ∈ X 1 × X 2 B 1 (x 1 ) = B 2 (x 2 ) ⊂ X 1 × X 2 and consider as above the interior metric d on Y . We call (Y, d) the hyperbolic product of (X 1 , B 1 ) and (X 2 , B 2 ), denote it by
and obtain the Theorem 2 Let X i , i = 1, 2, be proper geodesic hyperbolic spaces and B i : X i −→ R Busemann functions on X i . Then Y = (X 1 , B 1 )× h (X 2 , B 2 ) is also a proper geodesic hyperbolic space and ∂Y is naturally homeomorphic to the smashed product ∂X 1 ∧ ∂X 2 .
Remark 1 i)
The smashed product ∧ is a standard construction for pointed topological spaces. Let (U 1 , u 1 ), (U 2 , u 2 ) be two pointed spaces then the smashed product U 1 ∧ U 2 is defined as U 1 × U 2 /U 1 ∨ U 2 , where U 1 × U 2 is the usual product and
is the wedge product canonically embedded in U 1 × U 2 . Thus U 1 ∧ U 2 is obtained from U 1 × U 2 by collapsing
ii) In [BrFa] [L1] , [L2] , [F1] and [F2] .
iii) Instead of the Euclidean product metric d e on Y we could also take e.g. the maximum metric 
Outline of the paper:
In Section 2 we collect the necessary results on hyperbolic metric spaces. In Sections 3 and 4 we give a proof of Theorem 2. At the end of Section 3 we indicate the necessary changes for the situation of Theorem 1.
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Preliminaries 2.1 Hyperbolicity
A metric space (X, d) is called geodesic, if any two points x, y ∈ X can be joined by a geodesic segment xy that is the image of a geodesic path γ xy : [0, d(x, y)] −→ X from x to y which is parameterized by arclength. A geodesic metric space is called δ-hyperbolic if for any triangle with geodesic sides in X each side is contained in the δ-neighborhood of the union of the two other sides. The space is called hyperbolic if it is δ-hyperbolic for some δ ≥ 0.
Let X be a metric space and x, y, z ∈ X. Then there exist unique a, b, c ∈ R
In fact those numbers are given through
where for instance
In the case that Xis geodesic we may consider a geodesic triangle xy ∪ xz ∪ yz ⊂ X, where for example xy denotes a geodesic segment connecting x to y. Given such a triangle we denote byx = γ xy (a) the unique point on yz satisfying d(x, y) = (x · z) y and in the same way we defineỹ ∈ xz andz ∈ xy. Note that for X being a tree all these points coincide, i.e.x =ỹ =z. In general an upper bound for the distances of these points measures the hyperbolicity of (X, d).
and the pointsx,ỹ,z have pairwise distance ≤ 4δ.
ii) A metric space (X, d) is hyperbolic if and only if there exists a δ ′ ∈ R + 0 such that given any geodesic triangle xy ∪xz ∪yz ⊂ X the pointsx ∈ yz,ỹ ∈ xz andz ∈ xy as defined above have distance less than δ ′ to each other. 
a contradiction. Since the corresponding estimate holds for the other sides as well the pointsx,ỹ andz have pairwise distance ≤ 4δ. For i) compare to Proposition III.1.17 in [BriH] . 2 
T -functions
Definition 1 Let α, ω ∈ R and I := [α, ω]. i) A function f : I −→ R is called a T -functionf ′ | (α,α+a) ≡ −1 and f ′ | (α+a,ω) ≡ 1. ii) A function f : I −→ R is called a δ-T -function, δ ∈ R + 0 , if there exists a T -function g : I −→ R such that ||f − g|| sup < δ. iii) Let X be a geodesic metric space. A function f : X −→ R is called a δ-T - function, if for any geodesic segment γ : [α, ω] −→ R the function f • γ is a δ-T -function.
Remark 2 It is straight forward to check that
i) Every T -function f is convex and Lipschitz with Lipschitz constant l = 1.
ii) For [α, ω] ⊂ R and t 1 , t 2 ∈ R with |t 1 − t 2 | ≤ |α − ω| there exists a unique T -function with f (α) = t 1 and f (ω) = t 2 . Indeed there are unique a, b, c ∈ R
iv) A limit of a sequence of (δ-)T -functions is a (δ-)T -function.
Lemma 2 Let X be a geodesic metric space. Then the following are equivalent:
ii) There exists a δ ∈ R + such that for all x ∈ X the function
is a δ-T -function.
Note that f (a) = c and (
Hence d z • γ is a 4δ-T -function. "⇐=" Let now X satisfy condition ii). We show that X is hyperbolic using the criterion of Lemma 1 i):
For x, y, z ∈ X and geodesic segments xy, xz and yz connecting these points, condition ii) yields c ≤ d(z,z) ≤ c + δ. We now consider the geodesic triangle xz ∪ zz ∪ xz, where xz ⊂ xy and zz is any geodesic segment connecting z toz. Forẑ ∈ xz satisfying d(z,ẑ) = (x ·z) z condition ii) gives d(z,ẑ) < δ. Furthermore one has c < d(z,ẑ) < c + δ 2 and therefore d(ỹ,ẑ) < δ 2 . Thus we achieve
The same argument of course yields d(z,x) ≤ 
The boundary at infinity and Busemann functions
We associate to a hyperbolic space (X, d) a boundary ∂X at infinity. There are different descriptions in the literature (see e.g. [BeKa] ) all of which coincide for proper geodesic hyperbolic spaces. We choose a basepoint z ∈ X. We say that a sequence {x k } k∈N of points in X converges to infinity, if lim inf
Two sequences {x k } k∈N and {y k } k∈N converging to infinity are equivalent,
One shows that ∼ is an equivalence relation and defines ∂X as the set of equivalence classes. We write [{x k }] ∈ ∂X for the corresponding class. One can also show that for every x ∈ X and v ∈ ∂X there is a geodesic ray γ xv : [0, ∞] −→ X parameterized by arclength with γ xv (0) = x and [{γ xv (k)}] = v.
For v ∈ ∂X and r > 0 one defines
On ∂X we consider the topology generated by U (v, r), v ∈ ∂X, r > 0.
If X is proper, ∂X is a compact topological space. We now also fix a basepoint u ∈ ∂X and a geodesic ray γ zu from z to u. The function B :
is called the Busemann function associated to γ zu . B is a δ-T -function as a limit of δ-T -functions.
Definition 2 A geodesic ray γ : [0, ∞) −→ X is called a B-ray if and only if γ is parameterized by arc length and
By a standard limit argument we obtain the Lemma 3 Let X be a complete, locally compact, hyperbolic metric space and B a Busemann function on X. Then for every x ∈ X there exists a B-ray γ with γ(0) = x.
Let now v ∈ ∂X \ {u} and consider B-rays γ γzv(t) starting at γ zv (t). Then these rays subconverge as sets to a geodesic from v to u and by suitable reparameterization we obtain the existence of a geodesic γ vu : R −→ X with
The hyperbolicity of X also implies that there exists a constant C (depending on u, v, z) such that
Let now x, y ∈ X and γ x , γ y be B-rays starting at x, y. Then γ x , γ y and a geodesic segment xy form an ideal triangle with vertices x, y and u = γ zu (∞) ∈ ∂X. We want to look for pointsũ,x,ỹ as for finite triangles. Clearly there are
Letũ ∈ xy be the point with d(x,ũ) = a and letỹ = γ x (a),x = γ y (b). 
and consider the triangle x, y, z i with corresponding values a i , b i , c i ∈ R + as well as pointŝ
Clearly one has a i −→ a and
In the same way we obtain lim sup
We need the following 
A Morse estimate
We need an estimate whose proof is similar to the proof of the Morse inequality.
Lemma 6 Let (X, d) be δ-hyperbolic, x, y ∈ X and γ : [0, 1] −→ X be a continuous path from x to y. If there exists a point p = γ xy (s 0 ) ∈ xy such that d(p, γ(t)) ≥ R for all t ∈ [0, 1] and R > 90δ, then
Since a is continuous, a(0) = 0 and a(1) = d(x, y) there are 0 < t − < t + < 1 such that
• γ xy is a 4δ-T -function by Lemma 2, a minimum of this function is assumed in distance ≤ 4δ of the corresponding T -function. Thus d(q i , γ xy (s i )) ≤ 4δ, which implies d(q i , q i+1 ) ≥ 4δ since d(γ x,y (s i+1 ), γ xy (s i )) ≥ 12δ. By Lemma 8.4.23 in [BuBuI] we obtain
Figure 3: This figure shows how Lemma 8.4.23 in [BuBuI] is applied to the segments γ xy | [si,si+1] and γ| ti,ti+1 in the proof of Lemma 6.
The hyperbolic product
In this section we prove the first part of Theorem 2, which is equal to Proposition 3.
Let (X i , d i ) be δ i -hyperbolic spaces, i = 1, 2, and δ := max{δ 1 , δ 2 }. Let further B i : X i −→ R be Busemann functions on X i . We study the set 
These geodesics are parameterized by constant speed 1. We set
) and
. We define by a slight abuse of notation
Note that Γ pp ′ is not necessarily continuous, since γ(a) = (γ 1 (a), γ 2 (a)) is not necessarily equal to γ
The curve Γ c pp ′ is a continuous modification of Γ pp ′ and defined as
where Γ 1 is a continuous curve in Y form (γ 1 (a + 2δ), γ 2 (a + 2δ)) to (γ
given in the following way:
Note that L(η 1 ) ≤ 8δ and B 1 (η 1 (α 1 )) = B 2 (η 1 (α 2 )). Since B 1 is 1-Lipschitz and a 4δ-T -function we obtain
is well defined. By construction Γ 1 (t) ∈ Y and L dm (Γ 1 ) ≤ 8δ. In a similar way one constructs Γ 2 .
We can easily estimate the length of Γ c pp ′ and obtain the Lemma 7 Given two points p, p ′ ∈ Y the continuous curve
This immediately implies the A sequence {y i } i∈N = {(y i1 , y i2 )} i∈N in Y ⊂ X 1 × X 2 converges with respect to d m | Y if and only if the sequences {y ij } i∈N in X j converge with respect to d j , j = 1, 2. Define
and let γ ij be B j -rays with γ ij (0) = y ij . The local compactness of X j implies the Claim: There exists ρ > 0 such that Finally every locally compact, complete length space is proper and geodesic (see e.g. Proposition I.3.7. in [BriH] ). 2
be a unit speed geodesic from p to p ′ . We want to compare σ with the curve Γ(p, p ′ ). To have the same domain, we modify Γ pp ′ a little: Let a, b as above and
and prove the Proposition 2 For σ and Γ * as above it holds
To simplify the arguments, we will assume:
We can assume this without loss of generality: (a) by interchanging the factors and (b) by adding the same constant to both Busemann functions.
The first step in the proof of Proposition 2 is the
Proof: Consider the ideal triangle p 1 , p
we obtain M ≤ 20δ and thus the result.
2
We decompose σ into two pieces σ =ᾱ * β whereᾱ = σ| [0,t0] 
, writeᾱ = (ᾱ 1 ,ᾱ 2 ) andβ = (β 1 ,β 2 ) and prove the Lemma 10 With the notation above it holds
Proof: With M as in Lemma 9 we compute
by Lemma 7 we obtain the result. 2
Lemma 11 With t 0 as in Lemma 9 it holds d 2 (σ 2 (t 0 ), γ 2 (a)) ≤ 100δ.
Proof: Consider the ideal triangle
and
by Lemma 10, we see
Together with Lemma 4 we get the estimate. 2
Proof of Proposition 2: Lemmata 9, 11 and Proposition 1 imply that d(σ(t 0 ), γ(a)) ≤ 120δ. Combining some triangle inequalities we obtain |t 0 − a| ≤ 150δ and
Together with Lemma 5 we obtain Proposition 2. 2
Proof: By Lemma 2 it suffices to show that there exists a ∆ such that for all q, p, p ′ ∈ Y and all minimal geodesics σ :
) is a ∆-T -function. By Propositions 1 and 2 it suffices to show that there exists ∆ such that for all q, p, p ′ the function
is a ∆-T -function, where
We have to show that max{f, g} is a ∆-T -function. We use without loss of generality as above that
, where δ ′ only depends on δ and not on p, p ′ . It follows that f is a ∆-T -function for some ∆ only depending on δ. Note further that g| [0,a * ] and g| [a * +ǫ,a * +b * ] are 4δ-T -functions by Lemma 2 for every ǫ > 0, and hence g| [a * ,a * +b * ] is a 12δ-T -function since the jump at a * is bounded by 8δ.
assumes the minimum 8δ-close to the point t = v. If v > a, hence v ≥ a * − 10δ, then by the properties of δ-T -functions g| [0,a * +b * ] is easily checked to be a 30δ-T -function. Let us assume that v < a.
Since g| [0,a * ] and g| [a * ,a * +b * ] are 12δ-T -functions and f is a δ ′ -T -function we see that (g − f ) + ≤ 20δ + δ ′ which implies that max{f, g} is a 20δ + 2δ We finally indicate how the arguments of this section have to be modified to prove Theorem 1. In the case of Theorem 1 let
. While the definition of Γ is analog to the one in the case of Theorem 2, the definition of Γ c pp ′ needs to be slightly modified in the case that a + 2δ > d(p, z). In that case just take
where a ≤ τ < 2δ is chosen such that γ(τ ) = γ ′ (τ ) = z. The proof of Lemma 8 stays valid in the case y 0 = z, ǫ < d(y 0 , z). In the case y 0 = z the result is obvious.
The boundary of Y
In the case of Theorem 1 it is easy to see that ∂Y = ∂X 1 × ∂X 2 . The situation of Theorem 2 is more interesting: We study ∂Y and show that it is homeomorphic to ∂X 1 ∧ ∂X 2 . Recall that the Busemann functions B i are defined as B i (x) = lim t→∞ (d i (x, γ i (t))− t), where γ i : [0, ∞) −→ X i is a geodesic ray, i = 1, 2. Let z i = γ i (0) and u i = [{γ i (k)}] ∈ ∂X i , i = 1, 2. Let further z = (z 1 , z 2 ) ∈ Y and γ(t) = (γ 1 (t), γ 2 (t)). Then γ is a ray with γ(0) = z and clearly the Busemann function B : Y −→ R of this ray is B(y 1 , y 2 ) = B 1 (y 1 ) = B 2 (y 2 ). Let u := [{γ(k)}] ∈ ∂Y . Using the results of Sections 2 and 3 there exists a ∆ such that the following holds:
(1) Y is ∆-hyperbolic, From the discussion of Case 2 it is not difficult to show that the map
is a homeomorphism, which by the discussion of Case 1 extends naturally to a homeomorphism ∂Y −→ ∂X 1 ∧ ∂X 2 .
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